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Abstract. We prove the existence of orbitally stable standing waves with 
prescribed L 2 -norm for the following Schrodinger-Poisson type equation 

ii/j t + AV> - (|aj| _1 * IVI 2 )^ + l^l^ 2 ^ = in R 3 , 
when p £ {|}u(3,-y). In the case 3 < p < ^ we prove the existence 
and stability only for sufficiently large I/ 2 -norm. In case p = | our approach 
recovers the result of Sanchez and Soler [18] for sufficiently small charges. 
The main point is the analysis of the compactness of minimizing sequences 
for the related constrained minimization problem. In a final section a further 
application to the Schrodingcr equation involving the biharmonic operator is 
given. 

1. Introduction 
In this paper we study the following Schrodinger-Poisson type equation 

(1.1) itjj t + A^p - (\x\^ 1 * \^\ 2 )t{j + \^\ p - 2 t{j = inR 3 , 

where ip(x,t) : R 3 x [0,T) — > C is the wave function, * denotes the convolution 
and 2 < p < 10/3. It is known that in this case the Cauchy problem associated 
to ([TTJ is globally well-posed in H 1 ^ 3 ; C) (see e.g. 0). 

We are interested in the search of standing wave solutions of (11.11) . namely 
solutions of the form 

i/j(x, t) = e~ iuJt u(x) , weK, u{x) G C , 

so we are reduced to study the following semilinear elliptic equation with a non 
local nonlinearity 

(1.2) - Am + (f) u u - \u\ p ~ 2 u = cuu in R 3 
where we have set 

Mx)= f \pM_ dy . 

Jr3 \x - y\ 
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Evidently, (fi u satisfies — A<fi u = 4ti\u\ 2 , is uniquely determined by u and is usually 
interpreted as the scalar potential of the electrostatic field generated by the charge 
density \u\ 2 . 

Because of its importance in many different physical framework, many authors 
have investigated the Schrodinger-Poisson system (sometimes called Schrodinger- 
Poisson-Slater system). Besides the paper of Benci and Fortunato 0] on a 
bounded domain, many papers on M 3 have treated different aspects of this sys- 
tem, even with an additional external and fixed potential V(x). In particular 
ground states, radially and non-radially solutions are studied, see e.g. [U El El 
ITU| H31 [T71 HH]. However in all this papers the frequency u is seen as a parameter 
so the authors deal with the functional 

- f \Vu\ 2 dx + — f u 2 dx + - / 4> u u 2 dx f \u\ p dx 

2 JR3 2 J R3 4 J R 3 P J R 3 

and look for its critical points in ^T 1 (M 3 ; M). In this approach nothing can be said 
a priori on the L 2 -norm of the solution. On the other hand in [16] the problem has 
been studied in a bounded domain Q with a nonhomogeneous Neumann boundary 
condition on the potential <fr u : here the compatibility condition for <p u imposes to 
study a constrained problem on {u e H^(Q) : ||m||2 = 1}- 

In spite of the above cited papers on M 3 , we look for solutions u with a priori 
prescribed L 2 -norm. The natural way to study the problem is to look for the 
constrained critical points of the functional 

H u ) = n I |Vm| 2 c/x + - / 4> u \u\ 2 dx J \u\ p dx 



2 Jr3 4 J R 3 p 

on the L 2 -spheres in if^IR 3 ; C) 

B p = {ue H\R 3 ;C) : ||u|| 2 = p}. 

So by a solution of (11.21) we mean a couple (u p , u p ) G E x iJ 1 (R 3 ; C) where u p is 
the Lagrange multiplier associated to the critical point u p on B p . 

Actually we are interested in the existence of solutions of f 1 1 . 2 ft with minimal 
energy (constrained to the sphere), i.e. to the minimization problem 

(1.3) / p = inf J(«) 

Bp 

that makes sense for 2 < p < 10/3; indeed it is well known that in this case 
the C 1 functional I is bounded from below and coercive on B p (see Lemma \3. II) . 
As far as we know the only results on constrained minimization for nonlinear 
Schrodinger-Poisson are [IB] in case p — | and [2] for p = 3. In [T5] the authors 
prove that all the minimizing sequence for (I1.3P are compact provided that p is 
suflicently small. In [T3] the author proves that if A is sufficently large then the 
infimum of the minimization problem 

I p = inf I A (u) 



V 
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where 

Ia(u) :— — / \Wu\ 2 dx+- / <p u \u\ 2 dx — — / |w| 3 cZa; 

2 JR3 4 J R 3 3 J R 3 

is achieved for any p. 

It is known that, in this kind of problems, that main difficulty concerns with the 
lack of compactness of the (bounded) minimizing sequences {u n } C B p ; indeed 
two possible bad scenarios are possible: 

• u n 0; 

• u n — ^ u ^ and < ||m||2 < P- 

In order to avoid the above two cases and to show that the infimum is achieved, 
we prove a lemma (Lemma 12.11) in an abstract framework that guarantees the 
compactness of the minimizing sequences in the right norm. We recall that the 
abstract lemma is essentially contained in [2] and here it has been modified for 
the application to a wider class of functionals. Roughly speaking, this lemma is 
a version of the Concentration Compactness principle of [15] having in mind the 
application to a constrained minimization problem for functionals of the form 

I(u) = -||«||!>m,2 + T(u). 

The lemma we prove says that if u ^ and T(u) has a splitting property, i.e 

T(u n -u) + T(u) = T{u n ) + o(l) 
and the infima are subadditive in the following sense 

Ip < I u + I y J p 2_p2 f° r all y < p < p , 

then \\u n — u\\H m = o(l) and, as a consequence, ||m||2 = p. 

As a consequence of the abstract minimization lemma we prove the following 

Theorem 1.1. Let p 6 ||} U (3, y). Then there exist p\ > and p 2 > 

( depending on p) such that all the minimizing sequences for (11. 3p are precompact 
in iJ 1 (R 3 ; C) up to translations provided that 

8 

< p < Pi ifp = - 

P2 < P < +00 IJ6<P<—- 

In particular there exists a couple (u p ,u p ) e R x if 1 (M 3 ;IR) solution of (11.21) . 

Remark 1.1. We underline that the result for p — | it has been proved first by 
[18] with a different approach to that developed in this paper. However it is 
interesting that our result for p = | is proved within the same general framework 
that is applied for 3 < p < y. 
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As a matter of fact there are few results concerning the orbital stability of 
standing waves for Schrodinger-Poisson equation. We mention [T2] and [2] where 
the orbital stability is achieved by following the original approach of [H] . On the 
other hand, following [7] and [18], the compactness of minimizers on H 1 (M. 3 ;C) 
and the conservation laws give rise to the orbital stability of the standing waves 
ip = e~ lulpt Up without further efforts; so we get the following 

Theorem 1.2. Let p e {§} U (3, f).Then the set 

S p = {e i9 u(x) : 9 e [0,2tt), |M| 2 = p, I(u) = I p } 

is orbitally stable. 

The definition of orbital stability is recalled in the Section 4. 

We underline that Lemma 12.11 can be applied to a wider class of minimization 
problems involving, for instance the biharmonic operator. For this reason, in the 
final Section 5 we study the following minimization problem 

J p = inf f -|| Au||| + / F{u)dx 



where B p = {u G H 2 (R N ) : ||w||2 = p} and the nonlinear local term F 



H 2 (R N ) — > K. fulfills some suitable assumptions that will be specified later. As a 
byproduct we obtain the orbital stability for the standing waves of the following 
Schrodinger equation involving the bilaplace operator 

#t - A 2 ^ - F'(\iP\)^- = 0, (x,t) GM^xi 

m 

1.1. Notation. In all the paper it is understood the all the functions, unless 
otherwise stated, are complex-valued, but we will write simply L S (IR 3 ), ^T 1 (M 3 ).... 
where, for any 1 < s < +oo, L S (M 3 ) is the usual Lebesgue space endowed with 
the norm 

\\u\\ s s := / \u\ s dx, 
and H 1 (M. 3 ) the usual Sobolev space endowed with the norm 



it 



H 1 



\Vu\ 2 dx + / \u\ 2 dx. 



In order to state the abstract lemma let us the space D m > (Mr). It is defined as 

'oc 




the completion of CZ°(R N ) with respect to the norm 



u 



2 Dm ,2 := V I \D a u\ 2 dx where a E N N , D a = ■ ■ fl££ 
_ m Jr n 



a\ + ...+aN=m 



We need also H m (R N ), the usual Sobolev space with norm 



III 2 ■— II II 2 _i_ II II 2 

l^ll_ff m ' — II^II.D m ' 2 ' 11^112' 
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We will use C to denote a suitable positive constant whose value may change also 
in the same line and the symbol o(l) to denote a quantity which goes to zero. 
We also use 0(1) to denote a bounded sequence. 

The paper is organized as follows: Section 2 is devoted to the minimization 
problem and to the proof of the abstract lemma. Section 3 concerns the proof of 
the main theorem while in Section 4 the orbital stability of the standing waves 
is proved. In the final Section 5 the abstract lemma is applied to the biharmonic 
Schrodinger equation. 

2. The minimization problem 

As we have anticipated, we first prove an abstract result on a constrained 
minimization problem on Sobolev spaces H m (M. N ),N > 3. Let we consider the 
following problem 

J p = inf I{u) 

Bp 

where B p := {u G H m (R N ) such that ||w||2 = p} and 

(2.1) I(u):=-\\u\\ 2 Dm , 2 + T(u) 

Under suitable assumption on T we have the strong convergence of the weakly 
convergent minimizing sequence. 

Lemma 2.1. Let T be a C 1 functional on H m (R N ) and {u n } C B p be a mini- 
mizing sequence for I p such that u n — u ^ 0; let us set jj, = \\u\\ 2 G (0, p]. 
Assume also that 

(2.2) T(u n -u) + T(u) = T(u n ) + o(l); 

(2.3) T(a n (u n - u)) - T(u n - u) = o(l) 



where a n = \/ p 2 — n 2 /\\u n — it|| 2 and finally that 

(2.4) I p <I p + I^-^ for any 0</i<p. 

Then u G B p . 

Moreover if, as n, m — > +oo 

(2.5) < T'(u n ) - T'(u m ),u n - u m >= o(l) 

(2.6) <T'(u n ),u n >=0(l) 
then | \u n — uWHrnosiN-^ — > 0. 
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Proof. We argue by contradiction and assume that /io < p. Since u n — u — 0, 

\\u n - u\\\ + \\u\\ 2 2 = \\u n \\l + o(l) 

hence 

(2.7) a. = 1. 

||«n - U\\2 

Since {«„} is a minimizing sequence, we get 

- ||Un|||>m,a + T(u n ) = I p + o(l) 
and by (I2.2p . we deduce also 

-||w n - u\\ 2 Dm ,2 + ^IMId™. 2 + T(n n - u) + T(u) = I p + o(l). 
Hence using ( 12. 7p and (12. 3p we infer 

-||a n (w n - w)|||, m , 2 + -||w|||, mi2 +T(a n (u n - u)) + T(u) = I p + oil). 
Finally, notice that ||a n (-u n — || 2 = \/ p 2 — At 2 , therefore 

w + ^ 7 > + °w 

which is in contradiction with (12 Ah . This implies that \\u\\2 = P- 

To prove the second assertion, we may assume, by the Ekeland variational 
principle, that {u n } is a Palais-Smale sequence for the functional I. From u G B p 
it follows that \\u n — u\\2 = o(l), hence it remains to show that \\u n — u\\um,2 = o(l) 
up to a sub-sequence. By assumptions there exists a sequence {A n } C E such 
that for the functional / defined in (12. ip 

< J'K) - Ku m v >= o(l) Vi> G ^(R^) 

where < ■, ■ > denotes the duality pairing. It follows that 

< I'(u n ) - Ku n ,u n >= o(l) 

since ||M n ||H m is bounded. From this and assumption ( 12.6P it follows that the 
sequence {A n } is bounded, hence up to a sub-sequence there exists A G 1 with 
X n A. 

We now have 

< I'(u n ) - I'(u m ) - X n u n + \ m u m , u n - u m >= o(l) as n, m ->• 00 
hence, using that (A n — A m ) < u m , u n — u m >= o(l), 



\Un — U 



m |||)m,2+ < T'[u n ) - T'(u m ),U n -U m > -A„||w n - U m \\\ = o(l) 



Since \\u n — u m \\2 = o(l), A n — > A and (12.51) holds, we obtain that {u n } is a Cauchy 
sequence in H m (M N ). Hence \\u n — u\\h™ — ^ 0. □ 
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3. Proof of the Main Theorem 
We want to apply the previous theorem to the functional I : H l — > K given by 

I(u) — — I \Vu\ 2 dx + - J 4> u \u\ 2 dx J \u\ p dx . 

2 JR3 4 J R 3 p J R 3 

with 

T(u) := N(u) + M(u) 

where 

N(u) = - / u |u| 2 dx, M(u) = — f \u\ p dx. 

Before to prove the main theorem some preliminaries are in order: the next 
lemma shows that the the functional is bounded from below on B p . 

Lemma 3.1. If 2 < p < y, then for every p > the functional I is bounded 
from below and coercive on B p . 

Proof. We apply the following Sobolev inequality 

l_N_,N_ JV_iV 

\\u\\g < b q \\u\\ 2 2 q ||Vw|| 2 2 9 

that holds for 2 < q < 2* when N > 3. Therefore if ||w||2 = p it follows 

J(u) > 

J \2 p 

1 3 

> 2IIVMH2 - &p, p ||Vm|| 2 2 
Since p < y, it results y — 3 < 2 and 

Aw) > |l]Vu||l + 0(||Vw|]|). 
which concludes the proof. □ 
Notice that if we set u x (-) = A°n(A /3 (-)), a, /3 G R, A > 0, then 



\\Px-\Py\ J u s \\Px-y\ 



Now we prove some subadditivity properties that are crucial for the proof of 
Theorem 11.11 

Lemma 3.2. Let p = |, then here exists pi > such that 1^ < for all p, G (0, p\) 
and 
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for all < fl < p < p\. 

If3<p<Y> then there exists p 2 > such that 1^ < for all p G (p 2 , +oo) and 

I p < 7 M + / V ^5Z^ 

/or a// p > P2 an d < p < p. 

Proof. We define 1*0(2;) = 8 1 ~^u(-^) (so that 1 1 tt^ 1 1 2 = 0||u||2), then we have the 
following scaling laws: 

(3.1) A(u e ) := i / |Vw e | 2 dx = ^ 2 - 2/3 A(m) 

(3.2) iV(u fl ) = i / u >*| 2 ete = 6 4 ^N(u) 

(3.3) M(u e ) = -- I \u e \ p dx = 9^- 3 ^ p+ ^M(u) . 

P Jrs 

We get 

I(u ) = 6 2 (l{u) + (r 2/3 - l)A{u) + (6 2 ~? - l)N(u) + (^(i-|/3)p+3/3-2 _ !) M ( U ) 



(3.4) JM = 2 (J( M ) + /(^ M )) 
where 

(3.5) f(9, u) := (r 2/3 - l)A(u) + {6 2 - p - l)N{u) + {e^ p)p+ ^- 2 - 1)M («). 
We distinguish between the case p = ~ and 3 < p < ^. 



Case p 



3 • 



We notice that for j3 = — 2 we get 

J(m 9 ) = 6 6 A(u) + # 6 iV(w) + 6 4p - 6 M(u) 

and that 4p — 6 < 6 for 2 < p < 3. Hence for 6 — > we have 7(u#) — >■ 0~ which 
proves the first claim. 

Let u n be a minimizing sequence in with 7^ < 0, then 

a x < A{u n ) < a 2 
mi < M{u n ) < m 2 . 

We get for f3 = 

f(9, u n ) = (9 2 - l)N(u n ) + (9 P ~ 2 - 2)M(u n ). 
We have 4sf{0, u n )\g=i < provided that 

(3.6) 2N(u n ) + (2-^)\\u n \\ l s <0. 
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Relation ( 13. 6ft holds for fi sufficently small recalling the following inequality 
(3.7) N(u n )<C\\u n \\l\\u n \ 8 



3 

8 • 



Indeed we have 



2N(u n ) + (2--)\\u n \\\ < \\ Un \\\(C^ + {2--)) <0. 
We notice that 

|^/(Mn) = 2N(u n ) - i(| - 2)(| - 3)0f- 4 |K||J § > 0, 

and that 

;>•'"-> = ° 



for # fulfilling 



H = < cy 



Thefore we find that for [i sufficently small f(9, u n ) < for 9 E (1, — ). We get 

< # 2 /(u n ) = 0%, 

for0<=(l,§). 

Now we argue as in [15] observing that for \i sufficently small 



T T ^ P 2 T P 2 -V 2 + ^ T 
" P /i 2 /i 2 



C7ase3<p< f ; 



J . 

3 



2 i ^L=^ C ? V < 



We notice that for (3 = — 2 we get 

I(ua) = fl 6 A(u) + 9 6 N{u) + 9 ip ~ e M{u) 

and that 4p — 6 > 6 for 3 < p < -y. Hence for sufficently large we have /(tig) < 
which proves the first claim. 

Let u n be a minimizing sequence in with < 0, then 

< fci < A{u n ) < k 2 
0<Vi< |M(w n )| < V2 . 
Indeed if A(u n ) = o(l) we have |M(u n )| = o(l) and J M = 0. For (3 = —2 we have 
f(9, u n ) := (£ 4 - l)A{u) + (£ 4 - l)N{u) + (9 4p ~ 8 - l)M(u), 
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with 4p — 8 > 4 and 



(3.8) — f(6,u n )\ e=1 < 0, -j^f{9,u n ) < for all 9 > 1. 



s /(«.«0l«<o. s 

In order to show (13. 8p we have first 

(3.9) ^/(l, u ft )| fl=1 = 4(A(u n ) + N(u n )) + (4p - 8)M(u n ) < k < 0. 

Moreover we have 

( 3 - 10 ) 4r/(0>« = 12^ 2 (AK)+ J BK)) + (4p-8)(4p-9)^- 10 MK) < fc < 0. 
Thanks to (El) and (l3~T0l) we get 

/(0,O < fc(^) < for all 9 > 1, n G N, 

and hence 

<. v i \U n ) 



h„ < e 2 i(u„) = e 2 i„. 



Let us suppose that p < \J p 2 — p 2 . We distinguish three cases 

• fi < A/p 2 - p 2 < p 2 



• p 2 < (J, < y/p 2 ~ P 2 

The first case is trivial. For the second one we have I /-^ — o > I a and we conclude 



For the third case we argue as for p — |. □ 
Proposition 3.1. If 2 < p < y, then the junctionals N and M fulfill (j2.2|) . 

(ED, (ED- 

Proof. By Lemma 13. 1[ any minimizing sequence is bounded in the if 1 -norm. 
Hence {u n } is bounded in all L s norms for s G [2, 2*] and there exists u G H l {E?) 
such that u n — ^ u in i^ 1 (IR 3 ). 

The functional M and iV satisfy the condition (12.21) (see [5] and Lemma 2.2 
in [U]) . 

We have, by the convolution and Sobolev inequalities 

N(u n ) = / 4> Un u 2 n dx < C\\u n \\i 2/S < C\\u n \\l\\Vu n \\ 2 

and than the relation ( \2.3h follows from 

N(a n (u n - u)) - N(u n -u) = (a* - l)N(u n - u) = o(l) 
M(a n (u n - u)) - M(u n -u) = « - l)M(un - u) = o(l) 

since a n — > 1. Notice that thanks to the classical interpolation inequality we have 

IK - u m \\ p < \ \u n - u m ||2||Vu n - Vn m ||^" Q where - + - °^ = - 

2 2* p 
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\u n - u m \\ p = 0(1). 



We obtain, for q = p/(p — 1] 



\u n \ p \u n — u\dx< ( / \u n \ q dx 



and then 



U. IP" 1 



\u n - u m \ p dx = o(l) 



< C \\u n - u m \\ p = o(l). 



This proves (12.51) for M. The verification of (I2.5P for N follows from 



<Pu n u n {u n -u m )dx < 



< C||w n ||^i 



tin II 6 || || 2 || ^m. ||3 



0(1) 



Then condition f)2.6p is trivial. 



□ 



Now we can conclude the proof of Theorem 11.11 In case p = | we can fix 
p G (0, pi) due to the fact that I p < for all p G (0, pi). In case 3 < p< | we 
fix p G (p 2 , +oo). 

Let {w n } be a minimizing sequence in B p . Notice also that for any sequence 
y n G M. n we have that u n {. + y n ) is still a minimizing sequence for I p . This 
implies that the proof of the Theorem can be concluded provided that we show 
the existence of a sequence y n G M 3 such that the weak limit of u n (. + y n ) belongs 
to B p and that the convergence is strong in H 1 (M. 3 ). Notice that if 



lim I sup / \u n \ 2 dx 

n-^oo \ ym n J B (y,l) 







then u n — > in L 9 (M 3 ) for any q G (2, 2*), where B(a, r) = {x G 1R 3 : \x — a\ < r}. 

sup / \u n \ 2 dx > p > 0. 



Since I p < we have that 



In this case we can choose y n G M 3 such that 



/ \u n (. + y n )\ 2 dx > p > 
Jbioa) 



1(0,1) 

and hence, due to the compactness of the embedding if 1 (5(0, 1)) C L 2 (B(0, 1)), 
we deduce that the weak limit of the sequence u n (.+y n ) is not the trivial function, 
so u n — ^ u 7^ 0. Since the subadditivity condition holds, we can apply the abstract 
Lemma 12.11 and conclude the proof. 
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4. The orbital stability 

In this section we prove Theorem 11.21 following the ideas of [7]. First of all we 
recall the definition of orbital stability. 
We define 

S p = {e ie u(x) : 9 G [0,2tt), ||u|| 2 = p, I(u) = I p }. 

We say that S p is orbitally stable if for every e > there exists 5 > such that 
for any ip G ^(R 3 ) with inf„ 6 s p \\v — ^o||.ff 1 (R 3 ;C) < 5 we have 

Vt > inf \\4>(t, .) - v\\ H i (R 3. c) < e 
veSp 

where ip(t, .) is the solution of ( 11.11) with initial datum ipQ. We notice explicitly 
that S p is invariant by translation, i.e. if v G S p then also v(. — y) G S p for any 
y G R 3 . 

We recall that the energy and the charge associated to ip(x, t) evolving according 
to (II. ip are given by 

Etyfat)): = \f \V^\ 2 dx + ] [ dx]- 1 * \^\ 2 M 2 dx - - [ Wdx 

and 

C^{x,t)):= \ [ \^P\ 2 dx = C^(x,0)). 

* JR3 

So our action functional I is exactly the energy. In order to prove Theorem 11.21 
we argue by contradiction assuming that there exists a p such that S p is not 
orbitally stable. This means that there exists e > and a sequence of initial 
data {ipnfi} C if 1 (lR 3 ) and {t n } C R such that the maximal solution ip n , which 
is global and ^> n (0, .) = ip n> o, satisfies 

lim inf \\i(j n0 - v\\ H i {R 3) = and inf ||^ n (t n , .) - v\\ H ir R 3) > e 
n-»+oo veSp veSp 

Then there exists u p G H 1 (M. 3 ) minimizer of I p and 9 G R such that v = e u p 
and 

W^nfih 1Mb = p and Itynfl) -> I(v) = I p 
Actually we can assume that if) nj0 £ -Bp (there exist a n = p/\\ipn,o\\2 — > 1 so 
that a n ip n , t o G -B p and /(a n ^ ni o) — >■ I p , i.e. we can replace ?/Vi,o with a n VVi,o)- 
So {VVi,o} is a minimizing sequence for J p , and since 

I(tpn(-,t n )) = Itynfl), 

also { , n (.,t ri )} is a minimizing sequence for I p . Since we have proved that every 
minimizing sequence has a subsequence converging (up to translation) in if 1 -norm 
to a minimum on the sphere B p , we readily have a contradiction. 
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Finally notice that, since in general, if ip(x,t) = \ij)(x, t)\e lS< ^ x ^ then 
I(il;(x,t)) = I(\i/;(x,t)\)+ [ mx,t)\ 2 \VS(x,t)\ 2 dx, 



we easily conclude that the minimizer u p has to be real valued. 

5. Application to a biharmonic Schrodinger equation 

In this final section we apply the above abstract result to the following Schrodinger 
equation involving the biharmonic operator 

(5.1) #,-^-^(1^=0, (t.ijGlx^ iV>4. 

The search of standing wave solution i/)(x,t) = u(x)e~ luJt lead us to study the 
following semilinear equation 

(5.2) A 2 u + F(u) = -uu 

which will be studied by minimizing the functional J : H 2 (M. N ) — > R given by 

J(u) = - \Au\ 2 dx + / F(u)dx 

2 Jrn J r n 
on B p = {u6 H 2 (R ) : \\u\\2 = p}, namely studing the minimization problem 

J p = min J{u) 

Bp 

where u is seen as the Lagrange multiplier. 

We make the following hypothesis on the nonlinearity 
(F p ) |F'(s)| < ci|s|" + c 2 |s| p for some 2 < q < p < f±f 

(F ) F(s) > -Cis 2 - c 2 s 2+ ^ with ci,c 2 > 

(Fx) 3s e (0, +oo) such that F(s ) < 0. 

So we get the following result. 



Theorem 5.1. Let (F p ), flT^j ) and ( |7\| ) hold. Then there exists po such that for 



all p > p , J p is achieved on u p and (lu p , u p ) is a solution of (15.2 
In order to apply the astract Lemma 12.11 to the functional 



J{ u ) = oIMId 2 - 2 + T(u) where T(u) = f 



F(u)dx 



we need to prove the boundedness of J on B p and the subadditivity condition. 



Proposition 5.1. // {F p ), \ \Fq\) and (\Fi\) hold, then there exists po such that for 
all p > po 



-oo < J p < 0; 
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• any minimizing sequence {u n } C B p for J is bounded in H 2 (M. N ). 

Proof. By arguing as in [3] we have that J p > — oo and that the functional is 
coercive. We build a sequence of radial functions {u n } in H 2 (WL N ) such that 
J{u n ) < for large n. The sequence is defined as follows: 

{so r < R n ; 

s cos 2 (f (r - R n )) R n <r< R n + 1; 
r>R n + l. 

We show that J(u n ) < when R n — » +oo. Notice that for a radial function u 
the laplacian is given by 

d 2 u du /TV - 1' 



Am 

After some computation we have 




dr 2 dr 



du n (r) 
dr 

and 

d 2 u n {r) _ 
dr 2 

Then we get 

J(u n ) = 



r < R n \ 

-7rs cos(|(r - R n ) sin(|(r - R n )) R n < r < R n + 1; 
r > Rn. + 1 



r <R n ; 

^s (sin 2 (f (r - R n )) - cos 2 (f (r - R n ))) R n < r < R n + 1; 

r>R n + l. 



[ l-\Au n \ 2 + F(u n )dx < 



< Ci 



d 2 u n {r) du n {r) . N — 1. 



9r s 



+ C 2 / Ffsolr^-Mr 



<9/- 



+ sup F(s) 

\s\<s 



r N ~ l dr 



where C\ and C*2 are strictly positive constants. We have F(so) < and, thus, 
an easy growth estimate gives J{u n ) < for R n — )■ +oo. □ 

Proposition 5.2. For any p > p and < fi < p the following subadditivity 
condition holds 



(5.3) 



J < J u + J 



Proof. Let us define u\(x) = u(-^r) (so that \\u\\\ 2 



\u\\o). We have 



J(ux) 



A 2 ^ 



|2 

Id 2 . 2 
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and then 

Jx„< A 2 [^\\u n \\ 2 D 2,2 + T(u n )j + l - [\ 2 -^ -A 2 ) \\u n \\ 2 D ^ 

for any minimizing sequence {u n } C B p . Taken p such that J p < and A > 1 
we obtain 

J\fj, < A 2 J(/i). 

By arguing as in Lemma [3.21 we have (15. 3p . □ 
Proposition 5.3. // (F p ), (Fq) and {F\) hold then the functional T fulfills (I2.2p . 

o, ra, o 

Proof. It follows as in Proposition 13.11 Condition (12. 2p follows from standard 
arguments. □ 

Proof of Theorem \5.1\ We argue as in the proof of Theorem 11.11 Recall that if 
{u n } is a bounded sequence in H 2 (R N ) such that 

lim I sup / \u n \ 2 dx ] = 

n->oc \ y€M n y B ( 0j l) J 

then u n — > in L g (lR n ) for any q G (2, jfz^;)- The proof of this fact is given in 
[3]. Finally we apply Lemma 12. II to the functional J(u). □ 

Finally the orbital stability of the standing waves is proved. As in the previous 
section, we define 

S p = {e ie u(x) : 6 G [0,2tt), ||u|| 2 = p, J{u) = J p } 

and we say that is orbitally stable if for every e > there exists 5 > such 
that for any tp G H 2 {R N ) with inf„ 6 s p \\v — ^oIliT 2 ^) < 5 we have 

Vt > inf -v||h3CR w ) < £ 

v&Sp 

where ip(.,t) is the solution of (15. ip with initial datum ip . Arguing as for the 
Schrodinger-Poisson equation we obtain the following 



Corollary 5.1. Let (F p ), (F p ) and <\Fi\j hold. Then there exists po > such 
that for any p G (po, +oo) the standing waves ip p (t, x) = e~ luJpt u p (x) are orbitally 
stable solutions of (15.11) . 
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